In search of natural building blocks for supergravity amplitudes, a tentative criteria is term-by-term bonus z −2 large momentum scaling. For a given choice of deformation legs, we present such an expansion in the form of a BCFW representation in N = 7 supergravity based on a special shift. We will show that this improved scaling behavior, with respect to the fully N = 8 representation, is due to its automatic incorporation of the so called bonus relations.
Introduction
One of the fascinating themes in the study of planar N = 4 SYM, is that the amplitude is often a solution to a geometric question. The now famous example is the realization that the building blocks for the n-point N = 4 SYM amplitude with k-negative helicity gluons, constructed via the Britto, Cachazo, Feng and Witten (BCFW) recursion relation [1] , are associated with positive cells of a Grassmannian G(k,n) [2, 3] , the moduli space of k-planes in n-dimensional space.
A natural question is whether such structure exists outside of N = 4 SYM. Certain progress has been made for N = 6 super Chern-Simons matter theory (CSM) [4, 5] , in the context of an orthogonal Grassmannian [6, 7, 8] . The common property between N = 4 SYM and N = 6 CSM theory is that both allow for color decomposition such that color ordered amplitudes can be defined, and the theories enjoy an infinite dimensional Yangian symmetry [9] . In fact the building blocks that arise from the recursion are individually Yangian invariant.
Both of the above properties are absent in gravity, and thus it may be unclear how to proceed. Instead we can ask, if there are natural building blocks for gravity amplitudes, what would be the nice property one can ask from it, similar to Yangian invariance for the gauge theories. One special property of gravity amplitudes is the asymptotic behavior in the large momentum limit. Indeed it was known that in the BCFW recursion, if one shifts |i and |j], where i and j are a positive and negative helicity graviton respectively, as the deformation parameter z is taken to infinity, the amplitude behaves as 1/z 2 [10] .
1 This is to be compared with 1/z of Yang-Mills.
Thus we propose that a criteria for a "good" building block is good large-z scaling under any pair of shifted momenta. Note that in a generic BCFW representation, individual terms can behave as 1/z and only cancel in the sum. To begin, we will relax our criteria and ask: if one chooses two particular legs to deform, is there a representation such that individual terms scale as 1/z 2 under large deformation? We will show that indeed such a representation exists, in the form of a BCFW recursion in N = 7 supergravity, constructed out of a "bad-shift". N = 7 supergravity has the same on-shell degrees of freedom as with N = 8 supergravity, only with a reduced set of supersymmetry being manifest. However the reduced symmetry allows us to exploit the 1/z 2 fall off of the full N = 8 amplitude. More precisely we claim that if one constructs the N = 7 amplitude under the following [j + , i − bad shift:
Then the individual terms in the BCFW expansion scale at large z as 1/z 2 under the following [i − , j + shift:
Note that the bad-shift in N -supergravity behaves as z 8−N /z 2 = z 6−N , and thus it has sufficient fall off for a valid recursion relation for N = 7, 8. As we will argue, the reason why N = 7 bad-shift recursion allows for term by term 1/z 2 fall off is because it secretly uses the 1/z 2 fall off of the full amplitude. For a valid BCFW representation, all one needs is that the amplitude vanish as z → ∞, thus even though gravity amplitudes behave as 1/z 2 , the usual BCFW recursion is blind to such improved fall off. On the other hand, for the N = 7 bad-shift, the large-z fall off behaves as 1/z precisely because of the 1/z 2 of the full N = 8 amplitude. Thus, the 1/z fall off is crucial for the validity of the N = 7 bad shift. The presence of 1/z 2 fall off implies extra "bonus relations" for individual BCFW terms [12] . As we will show, for MHV amplitudes, it is precisely due to these bonus relations that the N = 7 bad shift exhibit improved fall off relative to N = 8.
Note that representations with term by term 1/z 2 fall off are already known for MHV amplitudes [13] . However, no known expression with such properties exist beyond the MHV sector. The N = 7 bad shift allows for such a representation beyond MHV level. This special property of the N = 7 bad-shift has already been noted at the six-point level in Hodges work [14] . In this paper we present a proof extending to general tree-level amplitudes.
This paper is organized as follows: first we introduce BCFW recursion in the formalism of N = 7 supergravity, and examine its validity under different scenarios, leading us to investigate the large z behavior of the [+, − "bad shift" representation. We then present a proof for term-by-term O (z −2 ) scaling of the "bad shift" representation under a correspondingly chosen test shift. Furthermore, we discover the improved scaling in N = 7 is related to bonus relations in N = 8.
N = 7 superamplitudes
Here we review the derivation of N = 7 supergravity amplitudes from its N = 8 counterpart, as well as its large z behavior. This discussion follows [15] .
From
We formulate N = 8 supergravity using a on-shell superspace by introducing eight Grassmann variables η A , labeled by the SU(8) index A = 1...8. This allows us to associate the states of various helicites in the N = 8 theory with components of different orders of η in an on-shell chiral superfield, which we write as
where
, and other η polynomials are similarly defined. When we reduce the manifest supersymmetry from N = 8 to N = 7, the on-shell states separate into two superfields, which are obtained respectively from two different ways of reducing supersymmetry: setting η 8 to zero or integrating away η 8 .
The explicit forms of the superfields are:
The indices are now summed from 1 to 7, and η
Note that setting η 8 to zero can be represented by a integration over η 8 after multiplying by η 8 . The Φ + multiplet has helicty +2, and contains the positve helicity graviton h + , while Φ − has helicty +3/2, and contains the negative helicity graviton h − . We will use a + sign to mark quantities associated with the Φ + multiplet, while quantities associated with the Φ − multiplet will be marked with a − sign. Using the same operations, N = 7 amplitudes can be derived from the corresponding N = 8 amplitudes. As an example, the N = 7 MHV 3-point graviton scattering amplitude is obtained from the N = 8 MHV 3-point amplitude as follows:
(123).
Here the first subscript of η refers to the associated particle number, while the superscript refers to the SU(8) index. For a general N k MHV amplitude, there will be k + 2 external legs in the Φ − multiplet, which we denote by the set {x}, and n − k − 2 external legs in the Φ + multiplet, which we denote by the set {y}. Then we have the following map between N = 7 and N = 8 amplitudes:
Or more explicitly,
BCFW in the N = 7 formalism
Validity of a BCFW representation requires the amplitude vanish as the deformation parameter z goes to infinity:
N = 8 amplitudes scale as O (z −2 ) for large z. In the case of N = 7, we can deduce the large z behavior by relating the N = 7 amplitude to the parent N = 8 using (5). Unlike in the case of N = 8, amplitudes in N = 7 specialize into different supermultiplet configurations for lines i, j and may have different large z behavior.
Note that in order to deduce the large z behavior of N = 7 from N = 8 using (5), we need to take into the subtlety that for N = 8, we shiftη i . This can easily be done by a change of variables. We define
The Jacobian is simply 1. Now we can promote (5) into a relation for the shifted variables:
where η We can now analyze different scenarios for which mutiplet the lines i, j in our [i, j shift sits in:
b does not contain any z dependence, and hence the N = 7 amplitude behaves as O (z −2 ) at large z exactly like N = 8.
• For [i + , j + : Now i belongs to the Φ + multiplet, so naively applying a change of variable, one would pick up a z factor. However the z will be proportional to η j which is already present in η 8 b and thus this term drops out, i.e. (η i − zη j )η j = η i η j . Thus we see for this shift, the N = 7 amplitude again behaves as O (z −2 ) at large z exactly like N = 8.
• For [i + , j − : Now i belongs to the Φ + multiplet, while j does not, so η 8 b obtains an overall factor of z. Thus the large z behavior for N = 7 amplitude behaves as
From the above we conclude that for the "good"
+ , the N = 7 amplitude behaves as 1/z 2 just as the N = 8 parent. The BCFW built for N = 7 from the good shifts will be using the same 1/z pole as the N = 8 parent. Thus the BCFW built from the [+, − "bad" shift in N = 7 is secretly using information of the 1/z 2 behavior of the N = 8 amplitude. In the following section, we will demonstrate that the N = 7 BCFW expansion built from the [j + , i − "bad shift" indeed has bonus behavior in the form of term-by-term
3 Bonus scaling of N = 7 BCFW terms 3.1 Bonus scaling under a special test shift:
We would like to prove that the N = 7 [j
Note our analysis can be easily applied to other helicity configurations as well, where the O (z −2 ) fall off is no longer present. Therefore, we start without fixing which superfields particles i and j belong to and construct the [j, i BCFW representation of the amplitude:
From the on-shell conditionP 2 = (P + w |i] j|) 2 = 0, we can solve w andP in terms of i, j and P . We state the result here, leaving details of derivation to the Appendix.
Let us now deform (10) by a [i, j test shift:
Under the test shift, the amplitude is deformed into
Now |i], |j , η i , P 2 , |ĵ], |î ,η j , |P ], |P have become functions of z. Since the BCFW terms must have zero little group weight inP , the z dependence of the BCFW terms only comes from |i], |j , η i , P 2 , |ĵ], |î ,η j ,P . By analyzing their large z behavior individually, we can deduce the large z behavior of the BCFW term as a whole. We thus proceed to do so.
From the [i, j test shift formula (13), we see that |i], |j , η i , P 2 have the following large-z behavior:
The primary deformed quantities |ĵ], |î ,η j ,P transform under the test shift as
To determine the large-z behavior of |ĵ], |î ,η j , we solve for the z-deformed primary shift parameter w * (z), and expand it in powers of z:
We expand to O (z −2 ) since the leading term gets canceled when we plug in expressions (13) and (19) into (17) . We get:
Now we can read off their large-z behavior:
With the large-z scaling of |i], |j , η i , P 2 , |ĵ], |î ,η j ,P in hand, we can know how the BCFW term behaves at large z by counting the orders of these contributing components.
From the large z scalings (15) and (21) we see that |i], η i , which have helicity 1/2, behave as O (z). On the other hand, |î , which has helicity −1/2, scales oppositely as O (z −1 ). Thus we can write a general Ansatz that if particle i contributes to the amplitude in the form of |i] a η b i |î c , then it scales as O z a+b−c . In general, determining the orders of the spinors and the Grassmann variable can be nontrivial. However, in this case little group scaling of external leg i trivializes the counting by fixing a + b − c = 2h i , where h i is the helicity of particle i. Therefore, particle i contributes O z 2h i at large z. A similar analysis shows that particle j contributes O z −2h j at large z. SinceP approaches a constant at z → ∞, the large z scaling of each BCFW term is of O z 2h i −2h j −1 . Crucial to this result is the choice of the [j, i primary shift followed by [i, j test shift, which enjoys the cancellation of order z 0 terms while obtaining (20) and thus ensures that the square spinors and the Grassmann variable scale oppositely to the angle spinors. Other choices would not have allowed us to determine the large z scaling from the helicities alone. For example, if we chose a [j, i primary shift followed by a [k, j test shift, where i = k, then |k] and η k would scale as O (z) while |k scale as O (z 0 ). If particle k contributes to the amplitude in the form of |k] a η b k |k c , then it would scale as O z a+b , so a + b − c = 2h k would not be sufficient to determine the large z scaling contributed by particle k.
Note that up until this point the we have not designated the helicities of particles i and j. We now specialize to the N = 7 theory and the [j + , i − "bad shift" BCFW expansion under the secondary [i − , j + test shift. From the expressions for the N = 7 superfields (4), particle i has helicity +3/2 and therefore contributes O (z 3 ) at large z, while particle j has helicity +2 and gives us O (z −4 ). 1/P 2 gives O (z −1 ). Collectively, we find that the large z scaling for the BCFW term is
We are lead to this result only if we specialize to the case where the [j + , i − bad shift is the primary shift. Other choices can result in O (z −1 ) or worse fall off. However, note that our counting is only indicative of the worst behavior, so the terms can actually have better fall off than shown by the counting. For example, both N = 7 [j + , i + and [j − , i − count to O (z −1 ), but explicit calculations have shown that some but not all of their BCFW terms behave as O (z −2 ). Finally, note that the place where N = 7 plays a crucial role is the fact that the bad shift BCFW recursion is not valid for N < 7, while N = 8 does not distinguish between different shifts.
Bonus scaling under general [−, + shifts: the MHV case
The above result fails for general BCFW test shifts other than the [i − , j + shift, and an alternative analysis is required. In general, there are many combinations of test shifts that we can choose from, however we are mainly concerned with the [−, + test shift, since it is the most relevant in the high energy limit. In the following, we analyze the large z scaling under general [−, + test shifts in the MHV case.
Choosing the [n + , 1 − primary shift, the amplitude factorizes into a n − 1 point MHV subamplitude and a 3-point MHV subamplitude. Similar to our previous analysis, first Figure 2 : Diagram of a MHV "bad shift" BCFW term we solve for w andP :
We now analyze the large z scaling under different [−, + test shifts:
The proof in the previous section applies, and there is O (z −2 ) term by term behavior.
• For the [2 − , n + shift: There is O (z −2 ) term by term behavior. The large z behavior of the deformed quantities are:
In the large z limit, dependence on z only comes from the n − 1 point subamplitude M L , also we see that |n] → |n]. Therefore, the chosen test shift is precisely a BCFW shift on the subamplitude M L at large z, so the BCFW term must scale as
• For a [2 − , m + shift (where m = n): Individual terms scale as O (z −2 ). The same argument as above applies if m is not on the 3 point amplitude, so terms scale as O (1/z 2 ). Moreover, the BCFW expansion is summed over all possible permutations, but there is only one diagram where m is on the 3 point amplitude, therefore this term must also scale as O (z −2 ), since the existence of an O (z −1 ) part cannot be canceled by other terms.
• For a [ 
Bonus scaling in other formulas
The large z scaling of the "bad shift" BCFW representation can be compared with the tree formula for MHV amplitudes by Nguyen, Spradlin, Volovich, and Wen [13] , which also manifest O (z −2 ) large z fall off term-by-term under certain test shifts. The formula chooses two legs as special, and involves a sum of terms each represented by a tree diagram. By directly counting the orders of z in the z deformed formula, we see that if at least one of test shift legs are special, then the term will scale as O (z −2 ). Otherwise, for a [i, j test shift where neither i or j is a special leg, the term scales as O z deg(i)+deg(j)−4 . The degree of a leg refers to the number of propagators that connect to the leg in the tree diagram. The best fall off occurs when both leg i and j have only one connection, where the term scales as O (z −2 ). The tree formula and the N = 7 BCFW is complementary in the sense that both manifest the O (z −2 ) scaling term by term, but under different conditions of test shift legs.
4 N = 8 bonus relations and N = 7 bonus scaling: the MHV case
After demonstrating our proof, we would like to show that N = 7 BCFW terms manifest the improved scaling because they are using "bonus relations", which come from the O (z −2 ) fall off of N = 8 amplitudes. The bonus scaling of N = 8 amplitudes enables us to multiply a linear function of z on our amplitude and deform z as in BCFW recursion, except that we do not have to consider the boundary integral. These extra relations are called "bonus relations". Multiplying by the s channel, we have
Our purpose is to use the bonus relations to recombine N = 8 terms and cancel out linear relations between terms, such that the remaining expression corresponds to the N = 7 representation. The following analysis focuses on the MHV case for simplicity and parallels Appendix C of [16] . Note that the BCFW representation for the N = 8 n-point MHV amplitude will always have one more diagram than N = 7. We will show that we can use the bonus relation to express the additional N = 8 term using terms appearing in N = 7. More explicitly, we write the N = 8 n-point MHV amplitude
, and construct the BCFW representation using the [n + , 1 − shift:
The N = 8 representation has n − 2 diagrams while the N = 7 representation has n − 3 diagrams. The additional term for N = 8 can be written as
Intuitively, we want to expand this term into the other n − 3 terms, so we separate the additional term and multiply S 12 on each side
After some manipulation, we successfully expand the additional term in N = 8 using others terms which have correspondence with N = 7.
To compare with N = 7, we need to reduce the N = 8 terms to N = 7. In the MHV case, legs 1 and 2 are in multiplet Φ − , which have helicity +3/2, while the other particles are in multiplet Φ + , which has helicity +2, so we integrate out η 
where M L and M R are M L and M R with the supermomentum conservation delta function stripped off. Combining this result with (31), we obtain
which is exactly the explicit form for the corresponding N = 7 BCFW representation:
What we have demonstrated is that we can use a bonus relation to relate N = 8 BCFW terms to N = 7 BCFW terms. In other words, the reason why N = 7 BCFW terms have nicer large z behavior in this example is precisely because they are implicitly using bonus relations to cancel out linear dependent terms which appear in the N = 8 representation.
The next question we can ask is whether the result applies to the general n-point N k MHV case. To answer this question, we try the same analysis on the 6-point NMHV amplitude. Now we have 14 terms in N = 8 compared with 9 terms in N = 7, so we require 5 bonus relations to reduce the additional 5 terms to the other 9 terms. We cannot continue, since we only have one bonus relation and it is impossible to solve 5 parameters with one condition in general. This implies the O (z −2 ) large z behavior of N = 7 individual terms include not only bonus relations which cancel out linear dependence but also some unknown property in N = 7.
Conclusion and Future directions
In this note, we prove that the "bad shift" BCFW representation of N = 7 supergravity gives building blocks that exhibit term by term bonus O (z −2 ) fall off. In particular, we prove that using the [ ) asymptotic behavior. The reason that the "bad shift" is a valid BCFW shift can be traced back to the O (z −2 ) fall off of N = 8 supergravity, which allows for the susy reduction to still have vanishing asymptotic, i.e. the shift behaves as O (z −2 ). Thus the "bad shift" BCFW representation of N = 7 supergravity is the only BCFW recursion that utilizes the O (z −2 ) fall off of the amplitude. We demonstrate this claim by showing that for the MHV case, we can use the bonus relation to recombine building blocks in N = 8 BCFW into building blocks of the N = 7 bad shift.
Our previous analysis only allows us to relate the BCFW representation of N = 8 supergravity to the N = 7 bad shift representation for the MHV amplitude. This relation is no longer straightforward for NMHV amplitude and beyond. For example the six-point NMHV contains 14 diagrams in N = 8 supergravity versus 9 diagrams for N = 7 bad-shift representation. Since there is only one bonus relation at each multiplicity, it is insufficient to convert one representation to the other, unless one incorporates the information of the bonus relations for the lower point amplitudes. This would require us to further expand the BCFW representation. Indeed it is known that using all bonus relation, one can express the supergravity amplitudes in terms of (n − 3)! building blocks [17] . It will be interesting to see if one can utilize these building blocks to form term by term O (z −2 ) fall off for all deformations.
Recent studies [11] have shown how BCFW terms of gravitational amplitudes can pair into combinations with improved permutation invariance, such that leading O (z −1 ) pieces cancel and O (z −2 ) fall off is exposed. However, it appears that to have O (z −2 ) fall off for all shifts, one eventually requires the combination of everything and end up with the full amplitude, which is similar to the N = 7 bad shift result. Thus it would appear that the improved fall off obtained by implementing partial permutation invariance can be similarly achieved without. It might be interesting to perform a general search of rational functions of spinor products that satisfies the correct helicity weight, mass dimension, at most simple poles and O (z −2 ) fall off for all shifts. These are very stringent constraints, and it is likely that the solution can serve as the true building blocks for the amplitude.
Finally, we note that the "bad shift" BCFW recursion is also known to be valid for string amplitudes under certain kinematic regimes [18] (see also [19] ). In particular at four-points, the pole at infinity is absent if Re(3 − α ′ t) < 0, and thus the high-energy behavior improves at large transverse momentum. Unlike the story for the N = 7 theory, whose validity of the "bad shift" BCFW is attributed to the bonus fall off of N = 8 gravity, here the validity of the string amplitude is tied to its improved high-energy behavior. It would be interesting to understand further, whether or not new symmetry or new amplitude relations emerge in this regime.
A Solving forP
Consider a [j, i BCFW representation:
|ĵ] = |j] + w|i], |î = |i − w|j ,η j = η j + w η i .
We can evaluate w using the on-shell conditionP 2 = 0:
Plugging the expression for w intoP ,
.
This can be simplified by Schouten identity as follows:
Using P aċ P˙c d = P 2 ǫ ad , we have
Finally, we obtain forP :P = P |j [i|P j|P |i] .
